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Abstract 

The quantum group version of the Bernstein-Gelfand-Gelfand res- 
olution is used to construct a double complex of C/g(g)-modules with 
exact rows and columns. The locally finite dual of its total complex 
is identified with the de Rham complex for quantized irreducible flag 
manifolds. 

MSG: 17B37, 58B32 

Keywords: Quantum groups, quantized flag manifods, Bernstein-Gelfand- 
Gelfand resolution, de Rham complex 

1 Introduction 

Over the last two decades a vast amount of papers has been devoted to the 
translation of classical geometric concepts to coordinate algebras appearing 
in the theory of quantum groups. It is a recurring theme that such con- 
structions are possible if the underlying geometric object can be expressed 
in purely Lie algebraic terms. A list of examples where this translation has a 
very simple and compelling form might include the standard definition of the 
g-deformed coordinate algebra €.q[G] inside the dual Hopf algebra of f/g(g) 
|Jos95l 9.1.1] or the construction of the quantum group version of the ho- 
mogeneous coordinate ring of a flag manifold [JosQSj 9.1.6]. Certainly, one 
always aims for quantum effects, as for instance Drinfeld duality, which tran- 
scend the classical undeformed situation. However, we will not encounter 
significant quantum effects in this paper. 

* supported by the German Research Foundation (DFG) 
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Differential forms are an example of a geometric concept where the trans- 
lation from the classical to the quantum group setting is far from obvious in 
general. However, there is a notion of covariant differential calculus on quan- 
tum spaces, introduced by S.L. Woronowicz |Wor89j . which has attracted 
much attention for many years ( |KS97] and references therein). It soon 
turned out that for a general quantum spaces there exists no canonical con- 
struction of a covariant differential calculus. However, in [HK06j we showed 
that for quantized irreducible flag manifolds G/Ps where G is a simple com- 
plex affine algebraic group and Ps a standard parabolic subgroup there ex- 
ists a g-analog of the de Rham complex which in many respects behaves 
like its undeformed counterpart. The aim of the present paper is to re- 
late this complex to its Lie algebraic shadow, the Bernstein-Gelfand-Gelfand 
(BGG) resolution. In the quantum case such a construction was suggested by 
L.L. Vaksman and a first indication of its feasibility can be found in |SV98j 
where generalized Verma modules are used to obtain g-analogs of differential 
one forms. 

The main result of the present paper. Theorem 17.141 states that the 
de Rham complex investigated in [HK06j can also be obtained as the lo- 
cally finite dual of a BGG-like sequence of f/g(0)-modules induced by Uq{ls)- 
modules, where Is denotes the Levi factor of the parabohc subalgebra ps C g. 
More precisely the BGG resolution for quantum groups |HK] is used to de- 
fine quantum analogs of the complexes of holomorphic and antiholomorphic 
differential forms on flag manifolds (Proposition 17.81 and Section [7^ . In Sec- 
tion 17.41 we introduce a double complex the rows and columns of which are 
closely related to the BGG resolutions used to obtain the holomorhpic and 
antiholomorphic differentials, respectively. The desired de Rham complex is 
then obtained as the locally finite dual of the total complex of this double 
complex. 

The reason why we have to consider f/g([5)-modules, instead of Uq{ps)- 
modules as one might expect, lies in the definition of the coordinate algebra 
Cq[G/Ls] describing the quantum flag manifold. Its classical counterpart is 
the coordinate ring of the affine algebraic variety G/Ls where L s denotes the 
Levi factor of Ps- The advantage of this approach lies in the fact that Cq[G'] 
is a Hopf-Galois extension of Cq[G/Ls]- Thus M. Takeuchi's categorical 
equivalence |Tak79j applies and one can make use of results on differential 
calculi on quantum homogeneous spaces |HK03j . 

A result similar in spirit has recently been obtained in |SSV06j . In that 
paper the universal higher order differential calculus constructed in [SV98j is 
identified with the category O dual of the g-version of the BGG-resolution. 
Hence in the approach taken in [SSVOGj Takeuchi's categorical equivalence 
is not available and the authors have to revert to specialization techniques. 
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In the present paper, on the other hand, all results are proved for any defor- 
mation parameter g G C which is not a root of unity. 

As the reader might at first be put off by the technical nature of our paper 
we now state the main result in the special case of one dimensional quantum 
complex projective space also known as standard quantum sphere. This 
simplest example of an irreducible quantized flag manifold in itself has been 
subject to various publications, e.g. |DS03j . |SW04j . |Maj05] . We believe 
that our analysis will lead to new insight even in this simplest case. 

Recall that Uq{5l2) denotes a Hopf algebra generated by elements E, F, 
K, and and relations given for instance in |KS97l 3.1]. Let Uq{V) denote 
the subalgebra generated by K and K~^, for n G Z let V{n) denote the 
one- dimensional [/^(Q-module generated by one element f„ with the action 
= q^^Vn, and define W{n,m) := f/g(sl2) ®Uq{t) V{n—m). Note that 
Vr(0,0) is a coalgebra and that W{n,m) is a left and right comodule over 
Vr(0, 0) with coactions given by 

U®Vn^ (■U(i)(g)fo) ® {U{2)®Vn) and U®Vn^ {U{i)®Vn) ® {U{2)®Vq), 

respectively, where Sweedler notation is used. Consider the following se- 
quence of f/g(sl2)-niodules, ly (0, 0)-bicomodules 

1^(1,0) (1) 




— vr(o,o) -0 




1^(0,1) 

where (pa;b,c{u ® Va-b) = uE ® Va-c and (pa,b;c{u Va-c) = uF Vb-c- The 
locally finite dual of W{a, h) is defined by 

n''^^ = {fe W{a,hy I dim(/f/,(5[2)) < oo} 

where W{a,h)* denotes the linear dual space of W[a,h). As Ty(0,0) is a 
1^2) -module coalgebra the space B = fi^'" is a f/g(s [2) -module algebra and 
as such B coincides with the standard quantum sphere. Dualizing ([T]) one 
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obtains a sequence of f/q(s [2) -module ;B-bimodules 




r^i'i -0. 




The main result of this paper, Theorem 17.141 states in this special case, that 
this sequence coincides with the well known de Rham complex |Pod92] over 
the standard quantum sphere B. As an application one can for instance 
immediately read off the twisted cyclic cocycle calculated in [SW04[ Lemma 
4.4]. 

We now describe the contents of each section of this paper in some detail. 
In Section [2] we fix notations. Moreover, we compare the standard resolution 
of the trivial module with the parabolic version of the BGG resolution and 
show that these two coincide if g/ps is irreducible. This result should be 
well known but we were not able to track it in the literature. On the one 
hand it explains once again why it is necessary to assume irreducibility of the 
considered flag manifolds. On the other hand, it implies that certain weights 
w.O are incomparable in the Bruhat order. 

Section [3] serves purely to fix notations for quantum groups and to recall 
M.S. Kebe's results on triangular decompositions of Uq^Q) with respect to 
parabolic subalgebras. In Section H] we quickly review the g-analog of the 
BGG resolution which by [HKJ is exact if q is not a root of unity. Section [5] is 
devoted to t/q(g)-modules induced by irreducible ?7g([5)-modules. We denote 
the category of finite direct sums of such modules by W. In Subsection 15. 31 we 
derive technical properties of standard maps between objects in W related to 
the BGG resolution. The locally finite duals of objects in W are interpreted 
as yet another realization of Takeuchi's categorical equivalence in Section El 

The main technical work is done in the final Section [71 First the main 
results from |HK06j are recalled. Then the differential calculi {Tg, d), (Tg, d), 
and (Fd, d) from that paper are interpreted as locally finite duals of BGG-like 
sequences in W. 

Explicit calculations flooded by symbols are inherent to proofs in quan- 
tum group theory. For the convenience of the reader we have collected all 
commonly used notation in order of appearance in an appendix. 

This project started out during a two week visit of the first author at Vir- 
ginia Tech in March 2005. He wishes to thank the mathematics department 
of Virginia Tech for hospitality. The second author was a DFG postdoctoral 
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fellow at Virginia Tech from August 2004 to July 2006. He is very grateful 
to the mathematics department, and to his hosting researcher Gail Letzter 
in particular, for encouragement and support. Both authors are indepted to 
Leonid Vaksman for leading them towards quantized irreducible flag mani- 
folds and the BGG resolution. 

2 Preliminaries 

Let N, Z, and C denote the positive integers, the integers, and the complex 
numbers, respectively. We write Nq to denote the nonnegative integers. 

2.1 Notations 

First, to fix notations some general notions related to Lie algebras are re- 
called. Let be a finite dimensional complex simple Lie algebra of rank r 
and let [) C be a fixed Cartan subalgebra. Let i? C J)* denote the root 
system associated with [g, i)). Choose an ordered basis vr = {ai, . . . , a^} of 
simple roots for R and let (resp. R^) be the set of positive (resp. neg- 
ative) roots with respect to tt. Moreover, let g — n+ ® f) © n~ be the 
corresponding triangular decomposition. Identify f) with its dual via the 
Killing form. The induced nondegenerate symmetric bilinear form on I)* is 
denoted by (■,■)■ The root lattice Q = Zi? is contained in the weight lat- 
tice P = {A e [)* I (A, a^) e ZVctj e tt} where := 2ai/{ai,ai). In order 
to avoid roots of the deformation parameter q in the following sections we 
rescale (•, •) such that (•, •) : P x P — > Z. For i/ e P we write pL > u ii 
H — 1/ is a. sum of positive roots. The height function ht : Q — > Z is defined 

by ht(X;i=i = ELi ^i- 

The fundamental weights tUj e I)*, i = l,...,r, are characterized by 
{uji, Oj) = Sij. Let P"^ denote the set of dominant integral weights, i. e. the 
No-span of {cui \ i — 1, . . . ,r}. Recall that (aij) :— {2{ai, aj) / {ai, ai)) is the 
Cartan matrix of g with respect to vr. We will write — NqR'^. 

For fi G P^ let V{fi) denote the finite dimensional irreducible g-module 
of highest weight ii. Moreover, let n(V(/i)) denote the set of weights of the 
0-module 

Let G denote the connected simply connected complex Lie group with Lie 

algebra g. For any set S G n of simple roots define Qs — ZjS", = Qsf^Q~^ , 
and Rg '■— Qs -R^- Let Ps and Pg^ denote the corresponding standard 



5 



parabolic subgroups of G with Lie algebra 

P5 = f)© 0., Ps" = f)© (2) 

respectively. Moreover, 

^5 := f) © 0a 

is the Levi factor of and Ls = Ps ^ C G denotes the corresponding 
subgroup. 

The generalized flag manifold G/Ps is called irreducible if the adjoint 
representation of p5 on g/p5 is irreducible. Equivalent ly, S = tt \ where 
ttj appears in any positive root with coefficient at most one. For a complete 
list of all irreducible flag manifolds consult e.g. |BE89l p. 27]. Note that the 
irreducible flag manifolds coincide with the irreducible compact Hermitian 
symmetric spaces |Hel78l X§6.3] 

Deflne Pg := {A e P | (A, ai)/di G Nq Va^ G S}. To A G Pg we associate 
the flnite dimensional, irreducible [^-module M(A) of highest weight A. 

Let W denote the Weyl group of q generated by the reflections corre- 
sponding to the simple roots in vr. For any a G i?^ let Sa & W denote 
the reflection on the hyperplane orthogonal to a with respect to (■,■). Let 
Ws C W denote the subgroup generated by the reflections corresponding to 
simple roots in S. Moreover, deflne 

= {w eW\R^ C wR+}. 

By a well known result of B. Kostant any element w & W can be decomposed 
uniquely in the form w = Wsw^ where G Ws and G . Moreover, if 
/ denotes the length function on W then this decomposition satisfles l{w) = 

/(W5)+/K). 

The following technical Lemma will be used in the proof of Propositions 
OandESl 

Lemma 2.1. For any A G Pg fl P there exist fi G P^ which allows an 
injective Is-module map M(A) ^ V"(/i). 

Proof: Choose w & W such that /i := w~^\ G P^ . Write w = wsw^ where 
Ws G Ws and G W^. Then w^fj. = Wg^X. Let f^s^ G ^(/i) denote a 
nonzero vector of weight w^fi. Note that v^s^ is a highest weight vector for 
Is- Indeed, if w^fi + ai G Il{V{fj,)) for some Qij G 5 then {w^)~^{w^ fj, + ai) = 
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/i + (w^) ^ n(\/(yu)) since (w^) e R^. Therefore Wg^X e Pg and 
A G Pg and hence w^fi = Wg^X = A. ■ 

Recall that the shifted action of the Weyl group on P is defined in 
terms of the ordinary Weyl group action by 

W.fi = w{fi + p) - p 

where p is half the sum of all positive roots or equivalently p = J2l=i^i- 
Moreover, for w,w' G W write w w' if there exists a G such that 
w = Saw' and l{w) = l{w') + 1. The Bruhat order < on is then given by 
the relation 

w < w' 4^ there exists n > 1, W2, ■ ■ ■ , Wn-i ^ W, 

such that w = Wi ^ W2 ^ . . . ^ Wn = w' . 



2.2 Standard-resolution and BGG-resolution 

Let g be a complex Lie algebra and p a subalgebra. In |BGG75j I. N. Bern- 
stein, I. M. Gelfand, and S. I. Gelfand have given the following generalization 
of the standard resolution of Lie algebra cohomology. The adjoint action of 
p on q/p endows each exterior product A'^(g/p) with the structure of a U{p)- 
module. Define 

Dk = U{g) ®t/(p) A'^(g/p) 

and 

do '■ U (0) (8>;7(p) C = u® X ^ e{u)x 

where e denotes the counit of U{q). Moreover, for k > 1 define operators 
dk '■ -Dfe ^ Dk~i in the following way. Let Xi, . . . ,X/c be elements of g/p. 
Let Yi, . . . , Yfc G g be arbitrary representatives of Xi, . . . , X^, respectively, 
and put 

k 

dk{x ®Xl^■■■^Xk) = Y^{-iy+\XYi o Xi a ■ ■ ■ a a ■ ■ ■ a x^) (3) 

+ (-l)'-^'(X®[l^AXi A--- AX,A--- AX, A--- AXfc). 

i<j<j<fc 

Here X G U{q) and we write Y for the image of the element y G g in g/p. 
Moreover, X denotes omission of the element X. One obtains a complex 

D,:Q^Ct D^t^ D^t^ ... 
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which is exact by |BGG75l Thm. 9.1]. In general the complex does not 
have an analogue for quantum universal enveloping algebras. 

Let now g be a finite dimensional simple complex Lie algebra and p5 C g 
a standard parabohc subalgebra as in the previous subsection. 

For any irreducible highest weight module V{ij) of g, where n E P^, 
in generalization of |BGG75j J. Lepowsky |Lep77| constructed an exact se- 
quence of t/(g)-modules 

V{fJ,) ^ Co <— Ci ^ • • • ^ Cdim(0/ps) ^ 

where 

C„ = 0f/(g) ®u(ps) M{w.fi). 

l{w)=n 

Here the differentials are given as linear combinations of standard maps of 
the occurring generalized Verma modules. In particular if yU = one obtains 
an exact sequence 

C* : ^ C ^ Co ^ Ci ^ • ■ ■ ^ Cdim{g/ps) ^ 0- (4) 

For general parabolics the sequences of [/(g)-modules C* and are not 
isomorphic. Indeed, if q/Ps is not irreducible then not even Di and Ci need 
to be isomorphic. However, one has the following result. 

Proposition 2.2. If q/Ps is irreducible then the corresponding complexes of 
U{g)-modules (C*,5*) and {D^^.d^) are isomorphic. 

Proof: Consider the Lie subalgebra 

% = 0« ^ 0- 

One has decompositions g = % © and U{q) = f/(%) ® U{ps) by the 
Poincare-Birkhoff-Witt Theorem. Note that both D^, and C=k are free resolu- 
tions of the trivial left ?7(u^)-module C. Thus both sequences can be used 

to compute Tor^''"^''(C, C) where the first entry C denotes the trivial right 
U{Ug)-modvL\e. Note that if q/Ps is irreducible then the second term in 
vanishes, because is commutative. Thus in the complex C ®f/(u") ^* 
differentials vanish and therefore 

dim(Torf "^^(C,C)) = dim(A^(g/p5)). 
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Similarly the sequence (jl]) yields (cp. |Lep77| , Cor. 3.11]) 
dim(TorJ^"^^(C,C)) = J] dim(M(w;.0)). 

l{w)=j 

Thus one obtains 

dim(A^(0/p5)) = ^dim(M(w.O)). (5) 

l{w)=j 

As A-'(g/p5) and U{g) are graded by the root lattice and the differentials 
dj of the complex D^, respect this grading one can define a Z-grading of the 
complex by 

deg(M ® v) = {us, wt(u) + wt(t>)) = {ujs, wt(n)) — j 

where u G U{q) and v G A''(g/p5) are homogeneous elements. Similarly 
the complex is Z-graded by the same formula where now v G M{w.O) 
for some w G with l{w) = j. Assume now that the complexes D^, and 
are isomorphic as Z-graded complexes of [/(g)-modules up to complex- 
degree k. This holds for k = 0. Set Zk := kerdk C Ck = Dk- Then 
dk+i{Dk+i) = Zk = 5fc+i(Cfc+i) by exactness of the sequences. Moreover, 
from ^ one obtains that dk+i is injective when restricted to 1® K^^^{q/Ps)- 
Note that 

1 ® A'=+i(g/p5) = {xe Dk+i I deg(x) = -{k + 1)} 

and hence 

4+i(l®A'=+i(0/P5)) = Z,-^'+') 

for Z^, '^^^^'^ := {x E Zk \ deg(x) = —{k + 1)}. As Zk does not contain any 
element x such that deg(a;) > — (/c + 1) one has (5fc+i(f/(g) ®;7(ps) M(w.O)) = 
if (ws, wt(w.O)) > —{k + 1). By the injectivity of dk+i and one has 

dim(Zfc"('=+')) = ^dim(M(w;.0)). 

l{w)=k+l 

As 6k+i maps onto Zk this implies 

Sk+i{l®^M{w.O))=Z;'^'+'\ 

l{w)=k+l 
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Hence one obtains in view of that the composition 

: 1 ® M{w.O) ^ ^''^^ 1 A'^\q/Ps) 

l(w)=k+l 

is an isomorphism of U (p5')-modules. By construction 

Id ® </)fe+i : f/(0) ®c/(p,.) M{w.O) ^ f/(0) ®t/(p,) A'^'iQ/Ps) 

l{w)=k+l 

extends the isomorphism of complexes to degree k + 1. M 

As an apphcation one obtains the following Corollary. 

Corollary 2.3. Let g/ps be irreducible and let Wi,W2 G be elements of 
equal length l{wi) = l{w2). 

1) One has Wi.Q — W2-0 G Qs- 

2) If Wi 7^ W2 then Wi.O - W2-0 ^ Q%. 

Moreover, if w,w' G and l{w) = l{w') + 1 then ojsiw.Q — w'.O) = 1. 

Proof: 1) By the above Proposition wi.O and W2-0 occur as weights of 
7\'("'i)g/p5. As q/Ps is irreducible the weights of g/ps differ by elements 
in Qs- Then so do the weights of A'^^'^^g/p^. 

2) Assume Wi.O — W2-0 G Q^, or equivalently Wip — W2P G Q^^. Multipli- 
cation by W2^ and the definition of yield 

W2^Wip — p G Q^- 

Since p is dominant and W acts faithfully on p one obtains a contradiction 
unless Wi = W2- 

The last statement follows from the fact that the map (f)k from the proof 
of the proposition is an isomorphism of f/(p5)-modules. ■ 

Remark 2.4. 1) In the above corollary the condition of irreducibility of q/Ps 
can't be dropped. Indeed, for 5 = one has Qs = {0} but wi.O 7^ W2-0 for 

2) Also one can't replace by a more general weight p G . Consider for 
example q = SI4, S = {ai, a^}, and p = u^. Then S2S3.UJ2, = 003 — 2«3 — 802 
and S2S1.UJ3 = uj^ — ai—2a2 and hence S2Sz-0Jz — 8281.00^ = ai — a2 — '2,a^ ^ Qs- 
On the other hand S2S3 and S2S1 are elements of of equal length. 
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3 Quantum groups 



3.1 Definition of Uqig) and CJG] 

We keep the notations of the previous section. Let q G C\{0} be not a root of 
unity. The g-deformed universal enveloping algebra Uq{Q) associated to g is 
considered here as the complex algebra generated by elements Ki, K~^^ Ei, Fi, 
i = 1, . . . ,r, and relations as given for instance in |KS97l 6.1.2]. In particular 
one has 

K,E, = q^^-^^^E^K,, KiF^ = q-^^-^^^ F.K^, 

K - K-^ (6) 

The algebra Uqi^Q) has a Hopf algebra structure with coproduct given by 

AKi = K,® Ki, AEi = Ei® Ki + l® Ei, AFi = F,®1 + ® Fi. 

These formulae for the coproduct imply in particular that the antipode k of 
Uq{Q) is given by 

K{Ki) = K-\ k{E,) = -E,K-\ k{F,) = -K,F,. 

The counit will be denoted by e. We will make frequent use of Sweedler 
notation in the form Au = U(^i) ^(2) for u G Uq{g). Moreover, for any 
M,x G Uq{Q) we will write (ad-u)x = ■U(i)Xk('U(2)) to denote the left adjoint 
action. 

There exists a uniquely determined algebra isomorphism coalgebra anti- 
isomorphism r] of Uq{g) such that 

Let f/g(n+), Uq{n^) C Uq{Q) denote the subalgebras generated by {Ei \ 1 < 
i < r} and {Fj \ l < i < r}, respectively. Let f/° C Uq{g) be the subalgebra 
generated by {Ki,Kf^ | 1 < ^ < t}. Moreover, let C Uq{g) denote the 
subalgebra generated by {EiK~^ | 1 < < t}. 

For /i G P"*" let V{fi) denote the uniquely determined finite dimensional 
irreducible left ?7q(g)-module with highest weight /i. More explicitly, there 
exists a highest weight vector G V{fi) \ {0} satisfying 

EiV^ = 0, KiV^ = q^>'''''^v^ for alH = l,...,r. (7) 

In general a vector v G V{fi) is called a weight vector of weight wt(f) G P if 
KiV = g(«^tW.°-)y for alH = 1, . . . , r. 
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The dual V* of a finite dimensional ?7g(0)-module V is defined as the dual 
vector space with the ?7g(0)-action given by 

{uf){v) = f{Kiu)v) WveV, f eV*,ue ^/.(g). 

For any left C/g(0)-modules V define a new C/5(g)-module Vj, to be the 
same vector space with the left C/q(g)-module structure given by 

u»rjV := ri{u)v for all u e Uq{g),v e V. (8) 

Note that = Vifi)*. 

As usual the g-deformed coordinate ring Cg[G] is defined to be the sub- 
space of the linear dual Uq{g)* spanned by the matrix coefficients of the 
finite dimensional irreducible representations V{ijl), ji e P+. For v e V{ij), 
f e V{iJ,)* the matrix coefficient c'j.^, e Uq{Q)* is defined by 

cliX) = f{Xv). 
The linear span of matrix coefficients of V{iJi) 

C^^'^) = Linc{4, I V e Vi^i), f e (9) 
obtains a [/^(gj-bimodule structure by 

iYc^f,,Z)iX) = fiZXYv) = c';,^y^iX). (10) 
Here V{iJ,)* is considered as a right t/g(0)-module. Note that by construction 

Cg[G] ^ C^('') (11) 

iJ.eP+ 

is a Hopf algebra and the pairing 

Cg[G] ^ Uqis) ^ C (12) 

is nondegenerate. 

3.2 Nilpotent and parabolic subalgebras 

For 5" C TT let Uq{ls) C Uq{Q) denote the Hopf subalgebra generated by 
Ei,Fi, Kj, KJ^ for all ai E S and all j. Moreover, let V- C Uq{Q) denote the 
subalgebra generated by the elements of the set 

{{adk)Fi\keUq{ls),a,^ S}. 
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Analogously, let V+ C f/g(s) denote the subalgebra generated by the elements 
of the set 

{{8.dk){E,Kr^) \ k e U,{is),a, ^ S}. 

As {adEi)Fj = = {cidFi){EjKr^) for all i ^ j one has C Ugin') and 
V+ C G+. By |Keb99l Prop. 4.2] multiphcation gives isomorphism 

where [/^(l^) := [/g(n-) n U^ils) and := G+ n [/^([s). Thus the 

triangular decomposition Uq^Q) = Uq(x\.~) ® ® f/° yields 

Uq{Q) = V.® UqilS) ®V+® Uq{\+s) ® 

= V^®V+® Uqiis) ® Uqiit;) ® f/° 

= V^®V+®Uq{\s). (13) 

Here in the second line the isomorphism 

UqiVs) ®V+^V+® Uqilg), k®v^ {adk(^i))v ® 

is used, and the last line uses the triangular decomposition of Uq{ls). In a 
similar manner one obtains 

Uq{g) = V+®V-®UqHs). (14) 

The parabolic subalgebra Uq{ps) C Uq{g) is defined by 

Uqips) ■■= {Ei, Ki, Fj I e TT, aj e S). 

Note that Uq{ps) coincides with the subalgebra generated by Uq{ls) and V+. 
Thus by ( |T3|) multiplication yields isomorphisms 

V+®Uqils)=Uq{Ps), (15) 
V-®Uq{Ps)=Uq{Q). (16) 



4 Quantum generalized Verma modules 
4.1 Notation 

For A G Pg as in the classical case q = 1 let M(A) denote the finite dimen- 
sional, irreducible Uq{ls)-'m.odu\e of highest weight A. Note that M(A) can 
be turned into an [/q(p5)-module by setting EiV = for all generators Ei, 
ai ^ S, and v e M(A). 
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Definition 4.1. For X G , define the quantum generalized Verma module 

V'^"^^ := UM ®u,ips) M{X). 
If S = % andXe P we will write := V^^^^^\ 

Note that by (fT6l) one has isomorphisms of ?7°-modules = Uq(n^)^C"^ 
and V^'^^^ = V_® M{X) where denotes the one- dimensional t/°-module 
of weight A. 

Note moreover that V^^^^^ = l^^^(^)*. Indeed, let G M(A)* denote the 
up to scalar multiplication uniquely determined element of weight —A. Then 
1 € V^^^^* is a cyclic vector and a set of relations determining V^*^('^)* 
is given by 

for all ttj G S* and for all j. The same relations hold for the cyclic vector 

Remark: The notations used here slightly differ from the original notations 
in |Lep77| . Recall that p denotes half the sum of the positive roots and define 

PS -=1^2 

Note that for all A G P one has 

X e P^ X- p + ps e P^. 

J. Lepowsky considered modules obtained by twisted induction in the classi- 
cal case q = 1 and defined V^'-^^ := U{q) ^uips) M{X -p + ps). Translation 
between the two settings is straightforward. 

Let A G P^ and let vx G M(A) denote a vector of weight A. For any 
f/g(0)-module homomorphism g : V^*^('^) v^a^(m) there exists an element 
F G Uq{n~) such that g{l^v\) = F^v^. Note that F is uniquely determined 
up to addition of an element in the annihilator of 1 ® f ^ G . We will 

say that the homomorphism g is determined by F. 
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4.2 The Bernstein-Gelfand-Gelfand resolution 



We now briefly recall the quantum analog of the Bernstein-Gelfand-Gelfand 
resolution. This construction has been in detail considered in |HK] for q not 
a root of unity. 

Fix a dominant integral weight /i G . For all j = 0, . . . , dim(0/p5') 
define 

w£W^ ,l{w)=j 

Note that is a highest weight module with highest weight w-fx. There- 

fore is a natural quotient of V^"'-'^. 



As in |Lep77| Section 4] one constructs f/g(g)-module maps ipj : Cj 



for all j = 1, . . . , dim(0/p5'). More explicitly, for all w G W, fix an 
embedding V'^''^ C V^. Then for all w,w' E W with w < w' one has a fixed 
embedding /^,^/ : V'"-^' V'"'-''. 

A quadruple {wi, 102,103, W4) of elements of W is called a square if W2 7^ 103 
and 

wi 102 IO4, Wi ^ 103 ^ W4. 

By |BGG75t Lemma 10.4] to each arrow Wi — ^ W2 {wi,W2 G W) one can 
assign a number 5(^1,^2) = ±1 such that for every square, the product of 
the numbers assigned to the four arrows occurring in it is —1. Let w,w' E 
such that l{w) = l{w') + 1. li w w' then let K^y,, : \/*^(«'-/^) yAn^^'-M) 
denote the (standard) map induced by the map 

Otherwise, define hy^^w' = 0. The differential ip^ is now defined as the sum 
of all hyj^wi where l{w) = j = l{w') + 1. 

Note moreover, that for fx G there exists a surjective map of Ug{g)- 
modules 

ef,:C^ = Ug{g)(»u,{ps)M{iJ,)^V{iJ,), u^v^,,M^uv^y (17) 
where f^^M € ^(/w) and t>^y G V{jJi) denote vectors of weight /i. 
Theorem 4.2. [HK, Section 3.4] The sequence 

— CL.,i,s ■ ■ ■ ^ ^ V(/.) (18) 

is exact and (y9j(\/*'-^(^-/')) for all j = 1, . . . , dim(g/p5) and all w G 
with l{w) = j . 
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Remark 4.3. In the quantum case the fact that for w w' the standard 
map h^^w' : \/*^("'-^) — > \/*^(™' /^) is nonzero has not been exphcitly stated in 
|HK] . However, this property can be verified analogously to formula (1) in 
the proof of |Kum02l Lemma 9.2.14]. The necessary fact that for /i, A G P)* 
the simple module V{fj,) is a subquotient of if and only if Hom(V^'^, V^) ^ 
follows as in |Nei84j after translation of |RCW82t Sections 1-6] to the 
quantum case. 

By construction there exists y^^i G [/q(n~) such that fw,w'{u ® = 
'^Vww' ® "^ui'.M- Thus in terms of the elements ?/^^/ G f/g(n~) the map h^^w' 
is given by 

In later considerations the main focus will be on the case /x = 0. In this case 
define yui,w' ■= s{w,w')yl^^, G Ug{n'). 

5 ?7g(g)-modules induced by ?7g([5)-modules 

5.1 Notation 

Definition 5.1. For A G Pg , define 

W^'^''> := UM M(A). 

If S = ^ and Xe P we will write := W^^^^\ 

Note that multiplication yields isomorphisms VT'*' = t/q(n~) ®f/g(ri+) (8>C'^ 
and = V_ (g) 1/+ » M(A) of [/^-modules. Note moreover that W'*^^^) is 

in general not a highest weight module. In analogy to the observation after 
Definition O one obtains W^'^'-^^ ^ ty^'^(^)*. 

5.2 The functor _ : V ^ W 

By Definitions 14.11 and 15.11 there exists a natural surjective f/q(g)-module 
homomorphism 

Proposition 5.2. For an?/ Uq{Q)-module homomorphism g : V"*^'''**-* ^ V"*^^^-* 
there exists a uniquely determined Ug{Q) -module homomorphism g : W^'^^^^ — > 



16 



^rM{fl) gy^f,]^ fj^g^f diagram 



lyM(A) lyMM (19) 



yM{\) —L^ yMit,) 



commutes. 

Proof: Assume that g is determined by F G Uq{n^) as in the end of Sec- 
tion I4.1[ To obtain commutativity of the diagram ( |T9i) one has to define 
g{l vx) = F ® f^. We have to check that g is well defined. To this end 
consider = u vx G W^^^'^\ or equivalently u E f/g(0)Ann[7^([^)(t>A). We 
have to show that uF G Ug{g)Aiani/^(^ig){v^). 

Using the decomposition ffT^ and the fact that V^Uq{ls)F C V^Uq{ls) 
one may assume that u G V^Ug{ls). The relation g{^x{u ® ^a)) = implies 
uF G Uq{Q)Annug(ps){Vf,). Hence 

uF G Uq{Q)Annu,ips){Vf.) n V^UqUs) 

= V4Annu^^ps)iv^) n Uqilg)) = V^Annu^^is){v^). ■ 

Let V and W denote the full subcategory of the category of f/g(g)-modules 
whose objects are finite direct sums of ?7g(0)-modules V^^^^^ and W^'^^^\ 
where A G Pg, respectively. By Proposition 15.21 there exists a canonical 
functor _ : V ^ W such that 

n n 
1=1 i=l 



Proposition 5.3. The functor _ : V ^ W is exact. 

Proof: Recall that = 1/„ ® M(A) and ^ V+ ® ^ M(A). 

With respect to these decompositions one gets for any Vi,V2 G V and any 
g : Vi ^ V2 the relation (7 = Idy^ C?) (7. Hence _ preserves exactness. ■ 

Let Uq{p°g) C Uqi^Q) denote the subalgebra generated by the elements 
Ej, Ki, Fi for ai G vr, aj G 5. For any fi G P"*" define a map 

: = f/^(0) M(/i) -> f/,(0) ®^,(poP) \/(^) 
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where as in f lTTl) the symbols v^^m ^ ^(/^) and v^y G denote vectors 

of weight /i. Then by the same argument as in the proof of Proposition 15.31 
the BGG resolution ( fTSl) induces an exact sequence 



5.3 Homomorphisms and estimates 

Note that for fi,u e Pg the left Uq{ls)-modu\e M{fj,) (g) M(z/)* is generated 
by one element v^®S,-u where G M(/i) and G M(z/)* denote a highest 
and a lowest weight vector, respectively. A complete set of relations for 
M(/i) ® M{u)* is given by 

i^^"''^"''K®e-.) = (21) 

where G S* and aj G vr. This follows for instance from [Jos99l Prop. 5.2] 
using the fact that the module generated by one element and the relations 
(I2T1) is integrable and the generator is a cyclic weight vector. In Section 17.41 
we will be interested in homomorphisms between [/q(g)-modules induced by 
f/g([5)-modules M(/i) M(z/)*. Here we derive well definedness and some 
properties of such maps. 

For w,w' & W^, w ^ w', and /i G P"*" recall the definition of the element 
yw,w' ^ Ug{n~) from Section and define x'^^^, := r]{y'^^^,). Define Uq{{s)- 
module homomorphisms 

62 : M(w./i) ^ ^ V+V^ ® Miw'.jj,), 

62 : Miw.^i)* ^ V_V+ ® Miw'.jj)*, 

Proposition 5.4. Let w,w' G , w w' , fj. E , and v G Pg. There 
are uniquely determined injective Uq{ls) -module homomorphisms 

^1 : M{w.fi) ® M(z/)* ^ f/g(g) {M{w'.fi) ® M(z/)*), 

^1 : M{u) ® M(w;./i)* ^ f/y(g) ®u,Hs) {M{v) ® Miw'.fi)*) 

such that 

Oi{v^.^ ® ^-u) = y^^^. ® {y^'.^. ® e_.), (22) 
Oi{v, ® e-^./.) = < ® {v, ® e-«,'.;.). (23) 
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Moreover, in V^V^ (8> M{w'.fi) (S> M(z/)* one has for all weight vectors v G 
M{w.ii), i e M{iy)* 

Oiiv ^ Hv) ^ ^ + J2 V-(g) M{w'.fi)(g) M{iy)l. (24) 

C<wt{5) 

Similarly, in V-V-^ Cg> Af(z/) M{w'.fi)* one has for all weight vectors v G 
M{iy), ^ G M{w.fi)* 

^i(t;®0 eP23(^2(0®^)+ 5^ V+(^M{u)^^M{w'.fiy (25) 

C>wt{»;) 

where P23 denotes the flip of the second and the third tensor factor. 

Proof: The maps 61 and 61 are uniquely determined by formulae ( l22l) and 
( l23l) . respectively. It remains to verify that they are well defined and injective. 
Fix ai E S and let Ui C Uq^Q) denote the subalgebra isomorphic to Uq{sl2) 
generated by Ei, Fi, and Kf^. Note that 

F!'"-'''^'^'y^,^. ® {v^'., ® e-.) = (26) 
for all ai G S. Indeed, as the standard map h^^w' is well defined one obtains 

Hence fl26p follows from the fact that is a lowest weight vector. 

Note that Ug{g) '^UqHs) {M{w.^)® M{v)*) is an integrable [/g(ls)-niodule. 
Hence the weight vector ^, ® (t'^'.^ ® ^-v) can be written as a sum of 
weight vectors of weight w.fi — u which generate pairwise nonisomorphic 
irreducible f/j-modules. By f EUl) among these irreducible f/j-modules there is 
one of lowest weight w.fi — u—^w.fi, a^)ai and all other f/j-modules generated 
t'y Vww' ® '>^w'.ii ® ^-u have larger lowest weight. The corresponding highest 
weight with respect to Ui is u — w.jji + (w./i, a{)ai = w.fi — u + {u, «/)«« and 
hence 

In view of 0211) this proves that 61 is well defined. The injectivity of 61 will 
follow from fl2i|) . 

To prove (12^ note that for any weight vectors v G M{w.^)\ and ^ G 
M(z/)^, there exist G Uq{{^)\ij^i, and F G t^g(t5)u,.^-A such that v = Fvw,^ 
and ^ = E^^y. Moreover, in the ?7q([5)-module M{w.fi) M(z/)* one has 

^ G FE(t;^.^ ® ^_^) + ^ Miw.jj)® M{u)l. 

C<wt(0 
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Hence one obtains by induction on wt(^) 

C<wt{5) 

=^<«,' ® K'.M ® + y-®M{w.ii)®M{v)i 

C<wt(0 

=e2{v)®i+ V^(g)M{w.fi)(g)M{iy)l. 
C<wt(0 

The well definedness and the injectivity of 9i follow from the corresponding 
properties of 6i and the relations 

(Miw'.jj,) ® M{uy)n = M{u) ® M(w;'./i)* 

Formula (l25l) is proved in the same manner as (Elj). ■ 

For any fijiy & Pg we define 

Wifi, u) := UM (g)u,(is) (Mifi) ® M(z/)*). 

Using the isomorphism 

W{fi, v) = V+V. ® M{fi) (g) M(z/)* ^ V^V+ ® M(/i) ® M(z/)* 

we define two filtration on W{^, v) as follows 

J^^W{^i, u) = Lmc{u 0v0^\ue V.V+, v G M(/i)A, (27) 

e e M(i/)*, ht(/i - A) < A;}, 

J^2*^Vr(/i, z/) = Linc{M ®v®i\ue V+V^,v e M{fi), (28) 

e e M(i/)*, ht(A + iy)< k}. 

Corollary 5.5. Assume that w,w' G , w — > w' , ^ G P^, u G Pg!". T/ie 
following relation holds in W{w'.fi, v) 

C ^ V+f/,(n-)f/,([+)^y^^^,® (t;^,^®^-,). 

ht{/3)<fe 

Similarly one has in W{h',w'.fi) the relation 

C ^ ^-f/,(n+)f/,([5)_^<^,®(t^.®e--'.;.). 

ht(/3)<fc 
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Proof: Proposition 15.41 implies the following equalities. 

V+V^ei{M{w.ij) ® M(z/)*) n T^W{w'.fi, v) 

\ ht(a+i^)<A; 

yht(/3)<fc 
ht(/J)<fc 

The second relation is verified analogously. ■ 

Corollary 5.6. Assume thatw,w' G , w — > w' , v G Pg, and x G [/g(n^). 
Then in W{w'.0, v) the relation 

[yw,w', X] ® {Vw>,Q ® i-y) ^ ^ Uq{Q)y^n .^, (g) (i;^,.o ® i-u) \ {0} (29) 



11^' — ^Kl' 



holds. Similarly, for y E Uq{n ) the relation 

[xw,w', y] ® O ^-^'.o) ^ Y ^qid)^-^",^' ® (^i- ® ^-i«'.o) \ {0} (30) 



"Giy-s, 



/ioWs m W{u,w'.0) 

Proof: Recall that yw,w' G f4(n.~)^.o-u)'.o- Hence with respect to the decom- 
position 

Ugid) ^V+(g) U,{n-) ® ?7,(l+) ® f/° (31) 
one obtains using ([6]) 

I3>w.0-w'.0 

As f/° acts diagonally and f^/.o is a highest weight vector for the action of 
Uq{ls) this implies 

[yw,n^',x]®{v^>,o®^-y)e V+V.,a^M{w'.0)/3^M{uy. (32) 

a+P>w.O 
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On the other hand, for any k G Nq, Corollary 15.51 imphes 

lo"— »io' 

ht(7)<fc 

w"— >ui' 

C ^ ^ VVVl,„®M(w'.0)^®M(z/)* + J-2''~^W^(«^'-0,'^)- (33) 

«,"giyS^ a+/3<M'".0 
Ul"— >ui' 

Choose now A; G N such that ® (fui'.o ® i-v) € 14^(w'.0, i/) \ 

J^^s^'-^iy (w'.O, v) and assume that (EHD does not hold. Then ([32]) and ^ 
imply that there exists w" G ^ w" w' such that w".0 > w.O. This is a 
contradiction to Corollary 12.31 1) and 2). Hence (pUjl holds. Relation (13U1) is 
verified analogously. ■ 

6 Categorical equivalence 

From now on we will write A = CgfG] and 

B = {b G ^1 6(1)6(2) (A;) = e{k)b for all k G UqHs)}. (34) 

6.1 Takeuchi's categorical equivalence 

In this subsection Takeuchi's categorical equivalence |Tak79j is recalled in the 
present special setting. Note that ;B C ^ is a left coideal subalgebra of the 
Hopf algebra A. Thus A := A/B+A where = {beB\ e{b) = 0} is a right 
Amodule coalgebra. Moreover, by |MS99| Thm.2.2(2)] ^ is a faithfully flat 
right i3-module. It was shown in the proof of |MS99| Thm. 2. 2(1), (2)] that 
A is equal to the image of A under the restriction map Uq{Q)° Uq{ls)° of 
dual Hopf algebras. Therefore the pairing 

{■,-):Uq{ls)xA^C (35) 

is nondegenerate. Let "^Ai denote the category of flnite dimensional left A- 
comodules and let MuqUs) denote the category of right f/g( [5) -modules which 
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are isomorphic to a finite direct sum of modules of the form M (A)*, A G Pg 
The pairing (13^ induces a functor 



E:-^M^ Mu.iis) (36) 

where for V G "^A^ the right f/g(l5)-module structure on := V is given 

hj V < k = {k, f (_i))t>(o) for all k G ^j(l5), v E V. 

Proposition 6.1. The functor E is an equivalence of categories. 

Proof: By the nondegeneracy of the pairing fl35l) two objects V,W E ■^M are 
isomorphic if and only if the f/g( [5) -modules and are isomorphic. 

It remains to show that all objects of Aiug{is) lis in the image of S. To this 
end, consider the right [/g([5')-module M(A)*, A G Pf. By Lemma 12711 one can 
find fi E P+ and an embedding of Uq(ls)-'niodules M(A) ^ V{fi). Then V{fi)* 
is a right [/g(0)-module, or equivalently by definition of A, a left ^-comodule. 

Projection onto A endows V{fi)* with a left ^-comodule structure. As 
V{fj,) decomposes into a direct sum of irreducible ?7g(l5)-modules the Uq{ls)- 
module M(A)* can be viewed as a direct summand of the Uq{ls)-iaiodu\e 
V{fi)*. As the pairing (IH^ is nondegenerate the ?7q(ls')-direct summand 

M(A)* C V{fi)* is an ^-subcomodule. By construction, apphcation of S to 
this ^-subcomodule yields the right f/g( [5) -module M(A)*. ■ 

Recall that for any coalgebra C the cotensor product of a right C-comodule 
P and a left C-comodule Q is defined by 

PDcQ := < ^Pi®qi e P<^Q ^Pi{o)®Pi(i)(»qi = ^ Pi®qi(~i)(»qi{o) > • 

\^ i i i ) 

Let ■Q^A denote the category of left ^-covariant left i3-modules. There exist 
functors 

$ : ^ ^ ^M, $(!) = r/S+r, (37) 

^ -.^M^pA, ^(V) = AU^V. (38) 

Here for any V G qM the left v4-comodule structure on r/i3"'"r is induced 
by the left ^-comodule structure of V. Moreover, the left S-module and the 
left ^-comodule structures of ^D^^T^ are defined on the first tensor factor. 

Theorem 6.2. |Tak79l Theorem 1] With the notions as above $ and ^ are 
mutually inverse equivalences of categories. 
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By the above theorem and Proposition 16.11 in order to show that two 
^-covariant fi-modules coincide, it suffices to show that the corresponding 
f/g([5)-modules coincide. This method will be applied to show that the dif- 
ferential graded algebra which will be constructed in Section [7] coincides with 
the g-deformed de Rham complex constructed in |HK06j . 

A slight refinement of Theorem 16.21 also takes into account possible right 
;B-modules structures. Let qMb and "^A^^ denote the categories of left A- 
covariant i3-bimodules and of left ^-covariant right S-modules, respectively. 
The functors $ and restrict to functors $g : '^■^b and : 

"^Aits bMb, respectively. Here the right S-module structure on ^^(r) = 
r/B~^r comes from the right fi-module structure of F. The right S-module 
structure on = ^D^V^ is given by (Y^iPi ® qi)b = Y.iPi\-i) ® Qiho)- 

Corollary 6.3. The functors $6 ond \E'e are mutually inverse equivalences 
of categories. 

6.2 Locally finite duals of Uq{Q)-modu\es induced by 
Uq{is)-Modu\es 

For A G Pg define 

n{X) := {/ G I dim(/f/,(0)) < oo}. 

Here the dual vector space of the left Ug{g)-modu\e W^^^^ is en- 

dowed with a right [/g(g)-module structure in the usual way by {fu){v) := 
f{uv) for all / G u G f/g(g), v G W^^^\ One has a canonical 

inclusion 

c : n(A) ^ Uq{Q)\ f y-^ Of := {uv-^ f{u ® vx)). 
We will freely use the inclusion c to consider VL{X) as a subset of Uq{Q)* . 

Lemma 6.4. For all A G Pg one has f2(A) C A. In particular one has 
fi(0) = B. Moreover, VL{X) is a left A-covariant B-himodule. 

Proof: The dual Hopf algebra Uq{Q)° of f/g(g) satisfies 

f/g(g)° = {a G f/g(g)* | dim(af/,(0)) < oo}. (39) 

Thus by definition f2(A) C ?7g(g)°. Moreover, Uq{Q)° contains A as the linear 
span of the matrix coefficients of the representations V{^), fi G P"*". Recall 
that Uq{g) is semisimple and any irreducible finite dimensional representation 
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of Uglg) can be obtained by tensoring some V{fi) with a one dimensional 
representation D^, v G {—1, 1}^, given by KiV = ViV for all v G Dy. As 
A G Pg the finite dimensional t/q(0)-module generated by c/ for / G ^7(A) 
decomposes into a direct sum of irreducible representations isomorphic to 
V{ii), n G P+. Thus one gets Q{X) C A 

_ Note that U := is a left f/g(g)-module coalgebra. Let " : [/^(g) 

U denote the canonical projection u ^-^ u ® Vq. Note that W^^^^^ is a right 
and left [/-comodule, where the coaction is given by 

Al{u®Vx) = U(l) ® U(2) ® f A e F ® Vr^^(^), 
Ar{u ® f a) = ® t^A ® M(2) e Vr^(^) ® U. 

These coactions are compatible with each other and with the f/g(g)-module 
structure of W^'^^\ They induce the desired i3-bimodule structure on Vl{\). 
■ 

The above lemma implies in particular f2(A) G 'qM. Thus one can apply 
the functor $ from the previous subsection. The following proposition states 
that up to dualization VL is the inverse of S o $. 

Proposition 6.5. For all A G Pg one has 

Proof: Note first that by definition of the left S-module structure of f2(A) 
one has {B~^Q{\)){1 ® M{X)) = 0. Thus there exists a well defined pairing 

(-, ■)a : ^^(A)/(i3+^](A)) X M(A) ^ C. (40) 

The pairing (-, ■)a induces a map of right f/g([5')-modules 

: S(<|.(^](A))) ^ M(A)*. 

As C A the induced map of quotients 

i : Q{X)/{B+Q{X)) ^A/B+A 

is also injective by Theorem 16.21 Moreover, let vr denote the surjection 

7r:Ug{is)^M{X), k ^ kvx- 

Then the pairings flH^ and fHUl) satisfy 
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for all / G r2(A)/(i3+r2(A)), k G Ug{ls). As the pairing flH^ is nondegenerate 
and i is injective this implies that is injective. By Theorem 16.21 as M(A) is 
irreducible it remains to show that Q{X) ^ 0. To this end apply Lemma [2.11 
to pick /i G P"*" such that there exists an embedding M(A) ^ ^(/u) of 
[5) -modules. Let v denote the image of vx under this embedding. Pick 
g G V{fi)* such that g{v) 7^ and let Cg^y G Cg[G] denote the corresponding 
matrix coefficient. Then there is an element / G f2(A)\{0} defined by 

7 g-DifFerential forms as locally finite duals 

From now on we restrict to the case of irreducible fiag manifolds G/Ps- Thus 
S = n \ {cts} where occurs in each positive root of q with multiplicity at 
most one. Let again B C Cq[G] be the left coideal subalgebra defined by 
(EH). 

7.1 g-DifFerential forms for irreducible flag manifolds 

The aim of this section is to recall the structure of the canonical differential 
graded algebra over B constructed and investigated in |HK06] . |HK04j . 

To this end recall that a first order differential calculus (FODC) over B 
is a S-bimodule F together with a C-linear map 

d:B^r 

such that F = Linc{ad6c \a,b,c E B} and d satisfies the Leibniz rule 

d{ab) = adb + dab. 
If F possesses the structure of a left ^-comodule 

Z\r : F ^ ^ ® F 

such that 

Ariadbc) = (Z\Ba) ((Id O d)z^B6)(Z\0c) 

then F is called (left) covariant. A covariant FODC F 7^ {0} over B is called 
irreducible if it does not possess any nontrivial quotient (by a left covariant 
;B-bimodule). The dimension of a covariant FODC F 7^ {0} over B is defined 
by dimF = dimcF/i3^F. Any finite dimensional covariant FODC over B is 
uniquely determined by its so called quantum tangent space 

Tr = {/ G F* I /le+r = 0}, 
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(see |HK03l Lemma 6], [HKOGj Remark 2.4]). The quantum tangent space 
can be considered as a subset of the dual coalgebra B° of B via the map / i-^ 
(6 1^ f{db)). It is one of the main results of |HK04] that there exist precisely 
two finite dimensional irreducible covariant FODC (Tg, d) and (Fg, d) over B. 
The quantum tangent spaces of the FODC Vq and F^ |HK06l Propositions 
3.3, 3.4] are given by 

Td = (adf/,([5))F„ = (adf/,([5))^s, (41) 

respectively, considered as subspaces of B° via the pairing ( |T2i) . Moreover, 
the FODC Vq and F^ satisfy 

S+Fa = Fai3+, B+Vq = VqB+. (42) 

The direct sum Fd = Fg © F^ with the map d = 9 © 9 is a covariant FODC 
which is a g-analog of the Kahler differentials over the affine algebraic variety 
G/Ls. 

Consult |HK06 [ Section 2.3.2] for the definition of the universal differential 
calculus of a FODC (F,d). Let F^^, F^^, and F^^ denote the universal 

differential calcuh of the FODC (Fa,(9), (F^, 9), and (Fd,d), respectively. 
The following theorem is contained in jHKOGl Propositions 3.6, 3.7, 3.11]. 

Theorem 7.1. (i) The multiplicity of weight spaces of the left Uq{[s)- 
module (H o $(Fg ^))* = (F^^/i3+Fg ^)* coincides with the multiplicity 
of weight spaces of the left U{ls)-module A'^(0/p5'). In particular 

/ dimc(0/p5) 
■ ^ k 



dimc(F^yi3+F 

(a) The multiplicity of weight spaces of the left Uq{ls)-module (So$(F^^J)* 

C( 

U{ls)-module A'^(g/p5)*. In particular 
dimc(F^yi3+F9M 



(F^^/i3^F^'^)* coincides with the multiplicity of weight spaces of the left 



.Ak /^2+T^Ak^ _ /dimc(0/p5. 

V k 

(Hi) For all A; G No the canonical map 

^t/^'-^t ® ^ZJ^^^t ^ ^t/^^'^t (43) 

i+j=k 

is an isomorphism. In particular 



27 



The above theorem imphes in particular, that ^(r^^'^^^s/ps)^ -g ^j^^ triv- 
ial one-dimensional left ^-comodule. Moreover, by (l42l) the right S-action 
on $(r^2^d'°^(0/P^)) is trivial, i.e. 76 = 5(6)7 for all 6 G 7 G ^r^f'^'-'^^'^). 
Hence by the categorical equivalence in Corollary l6.3l the covariant i3-bimodules 
-'^d u'^™*^^''''^^ and B are isomorphic. This observation implies the following 
corollary. 

Corollary 7.2. p^^'^'^^s/Ps') ^5 a free left and right B -module generated by one 
left Cq[G]-coinvariant element uo^oi ^ r^^<^™(0/Ps) satisfying u^oi b = buj^oi for 
all beB. 



7.2 The differential calculus T^^ 

One is now in a position to construct the differential graded algebras F^^, 
r^^, and from [HK06j as locally finite duals of BGG-like sequences of 
[/q(g)-modules induced by f/g([5)-modules. We begin with Tq^. Consider the 
BGG-resolution 

C^,o ■■ ^ CL^,,^, ■■■^C^o^ ViO) ^ 0, (44) 

of the trivial [/q(g)-module ^(0), the corresponding sequence fl^Uj) obtained 
by applying the functor _ 

c!,o ■■ — eL,/p„o ■ ■ ■ ^ c:Jo ^ UM ®^,(poP) v{o) ^ 0, 

and its locally finite dual 
where 

^ Q{w.O). 

w^W^ ,l{w)=n 

Recall from Section that the differentials of the complexes Cfg and Cfg 
are given in terms of elements yw,w' 

E Uq{n ) where w, w' G and w w'. 
In the case of irreducible flag manifolds the simple reflection Ss corresponding 
to as is the only element in of length one. Note that s^.O = — a^. Thus 
the differential (p^ : V^*^(~"=) \/a^(o) jg determined by ys^^e = Fs up to 
multiplication by a nonzero factor. The corresponding differential 
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satisfies the Leibniz rule. Indeed, for all a,b E B, u E Ug^Q) one has 
di{ab){u (g) v_as) = {ah){uFs ® vq) 

= {di{a)b + adi(b)){u ® v_aj- 
Lemma 7.3. {di:B Q^'^) is a covariant FODC isomorphic to {d:B Tq). 

Proof: Recall from (141 p that Tg is an irreducible f/g( [5) -module of high- 
est weight —as- Taking duals one obtains that M(— a^)* is isomorphic to 
Tg/B~^Tg as a right f/g([5)-module. Proposition 16.51 and the categorical 
equivalence now imply that = Q{—as) is an ^-covariant ^B-bimodule 
isomorphic to Tg. 

As M{—as) is an irreducible f/q( [5) -module it remains to check that 
di 7^ 0. This is a special case of the following Lemma which is proved 
independently of the above claim. ■ 

Lemma 7.4. For all n eNq the map 

is surjective. 

Proof: It suffices to show that for any w,w' G such that w w' one 
has 

^ Ug{g)UgHs)+ (45) 

where Ug{ls)^ = kere fl Ug{ls) denotes the augmentation ideal of Ug{ls). 
Indeed, choose / G Q{w'.0) such that /(I (g) f^'.o) 7^ 0. Then for all 6 G i3 
one has 

®v^,o) = b{ynj,w'{i))fiyw,w'{2) ®Vuj'.o). 

Since B separates U = Uq{g) /Ug{g)Ug{ls)'^ jHK04l Prop. 6.1] and y^u^w' ^ 
Ug{Q)Ug{ls)^ by assumption ( H5l) and yuj,w' G Ug{n^), one can choose b E B 
such that 

biyw,w'(i))yw,w'{2) = 1- 

By assumption on / this implies 

^ 0. (46) 
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By the categorical equivalence and Proposition 16.51 the covariant i3-module 
contains any irreducible covariant ;B-submodule with multiplicity at 
most one. Since Imipn is a covariant left S-module relation ( l46l) implies 
fl{w.O) C Imipn- 

It remains to verify ( H5l) . Assume on the contrary that yu],w' € V~Uq{lg)^ 
where Uq{lg)'^ = keie fl Uq{lg). Then y^^i ® v^i' o G V_ Ug{lg)^Vii,' o C 

yM (w'.O) 

is nonzero because by Remark 14.31 the standard map does not vanish. 
Since {a.dUq{ls))V~ = V~ and M{w'.0) is an irreducible f/g([5)-module there 
exists Ei, where i ^ s, such that (S> f«,'.o 7^ 0. This is a contradiction 

to hu,,ui'{,Ei ® Vu,,q) = 0. ■ 

By Lemma [7.31 one has = 'Lm^{a dih | a, 6 G Define a map 

A : ®B ^ (47) 
{adih) ® oj ^ adib Au := adn+i{bLj) — abdn+iOJ. 

Lemma 7.5. The map A is well defined. 

Proof: Recall from the last statement of Corollary 12 . 31 that yw,w' G ?7q(n^)_/3 
where 0Js{l3) = 1. Therefore 



(- ® Id)Z\y^,^, - 1 ® y^,^. G UqHs)F, ® f/,([5) c f/ ® Uqig) (48) 

where as before U = Uq{Q)/Uq{Q)Uq{ls)~^ ■ To prove that A is well defined 
consider ai,bi E B such that Oj c^ife, = or equivalently 

^ ai(M(i))6,(M(2)F,) =0 Vm G [7,(0). (49) 

i 

Since ai{ux) = ai{u)e{x) for all m G f/g(0), x G f/g(t5) formula (H9l) is equiv- 
alent to 

ai(u(i))6i(M(2)xF,) =0 Vu G f/,(0), x G [/^([s). (50) 

j 

Then for all cu G ^7"'° and all u G f/y(0) one has 
^{aidn+iibiuj) - aibidn+iuj){u ® u^,o) = ^aj(M(i) 

i i 

(biUj) i ^ U(2)yw,w' ® Vn,'.Q j - bi{U(2))^ f ^ U{3)yw,w' ® fu,'.0 

= ^ai(M(i)) ^6i(M(2)y^_^,(l))u;(M(3)7/^,^/(2) Ot^^'.o) = 
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where = y — e{y) and the last equation follows from fHHl) and flHIl) . Thus 
A : X — > is well defined. Moreover, by definition for a,b & B 

and u G Q^'^ one has 

((9i6)a) A uj = {di{ba) — hdio) Au = dn+i{bau!) — 6(9^+1 (acu) = dib A aui 

and thus A is defined on ®b ■ 

Lemma 7.6. T/ie map A : Q^'^ ®0 — > zs surjective. 

Proof: One shows by induction that for all ai, . . . ,ak & B the relation 

diai A {dia2 A (■ ■ ■ A dat) •••)) = dk{aidia2 A (■ ■ ■ A 9afc) . . . )) (51) 

holds. The claim of the lemma holds for n = 0. Using Lemma [7.41 and (IST]) 
one shows by induction on n that 

_ Linc{ao9iai A {dia2 A (. . . (A9ia„) . . . )) | oq, ai, . . . , a„ G B}. ■ 

As in |HK06j let Tq ^ denote the universal differential calculus with FODC 
{d : B ^ Vq). Define a map 

a^dai A (9a2 A ■ ■ • A 9a„ i-^ ao^iai A {dia2 A (■ ■ ■ A 9ia„)) 
by repeated use of the map A. 
Lemma 7.7. The map is well defined. 

Proof: By definition of Fg^ it suffices to show that for all aj,6j G B such 
that 'Y^j^didhi = and for all u G r^*^'*^, where < k < n — 2, one has 
^ . SiOj A {dibi Auj) = 0. This can be seen as follows. 

^diai A {dihi A a;) = ^ dk+2{aidibi Au) aidk+2{dihi A lu) 

i i i 

= - ^ aidk+2{dk+i{biuj) - hidk+iuj) = ^ aidik A dk+iuj = 0. ■ 

i i 

Note that by construction l* is a morphism of complexes. Moreover, by 
Theorem I7.1( i) and Proposition 12.21 the dimensions of the covariant left B- 
bimodules Tq'^ and coincide. As is a surjective map of covariant left 
S-modules by Lemma 17.61 the categorical equivalence implies that l"" is an 
isomorphism. 

Proposition 7.8. The map t* : Vl*'^ is an isomorphism of complexes 

of covariant B-himodules. 
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7.3 The differential calculus 

Recall from Section [TT] that there exists a second irreducible covariant FODC 
iTg,d) over B. It follows from (jH]) that Tg ^ M(-a,)*. As in the case T^^^ 
the universal differential calculus F^^ can be obtained as the locally finite 
dual of a sequence of t/g(g)-modules induced by f/q([5)-modules. This can be 
seen using the involutive algebra automorphism coalgebra antiautomorphism 
T] : Ug{g) — > Ug{g) defined in Section 13. 1[ The exact sequences Cfg and 
Q^Q from the previous subsection can be endowed with a new Ug{g)-modu.\e 

structure via rj. Using the isomorphism Vj,''^^'^^ = V^^^^'^* and WJl'^^'^^ = 
\YM{\)* Qj^g obtains complexes 

^0,* ■ U ^ '-"O.dims/ps ^ ^ '-"0,0 ^ ^ ^ 

and 

^0,* : — ' C^Jdims/ps ■ ■ ■ ^ Cq^o ^ f/g(0) ®[/,(ps) \^(0) — > 0, 

where 

uiGiyS, i(io)=n w£W^,l{w)=n 

If ti'jw' G ly'^ and w —>■ w' then the component of the differential which 
maps \/A^("'-0)* \/Af(«;'.o)* jg gjygj^ 

where x^^^/ = r]{iiw yji). Taking locally finite duals one obtains a complex 

^0,* . ^O,dim0/ps ^di^Ps) . . . ^ ^0,0 ^ ^ ^ C ^ 0. 

To show that VP'* is isomorphic as a complex of covariant i3-bimodules to 
the complex F^^ constructed in [HK061 3.3.2] the arguments of the last 
subsection can be repeated. 



7.4 The differential calculus Fj^ 

Combining the constructions from the previous two subsections the g-analog 
of the de Rham-complex over G/Ls can also be realized as a locally finite 
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dual of a sequence of f/g(g)-modules induced by f/q([5)-modules. To this end 
define 

Cl^:=^W{w,.0,W2.0). (52) 

l{'Wi)=n, l(w2)=Tn 

Recall that for each wi, W2 G the f/g(g)-module W{wi.O, W2-0) is a cyclic 
module generated by 1 ® (f^^.o ® C,-w2.o)- If wi,w[,W2 G and wi w[ 
define a map 

hn>„w[;u.2 WiWi.0,W2.0) W iw[.0 , W2.O) , 

—102-0 J • 

Similarly, if ^1,^2,^2 G W^"^ and W2 w'2 define a map 

Note that the symbol _ in the above definitions of Q^n^mi hLwi,w{]W2^ 
h-wi w[-w2 only a formal reminiscence of the functor _ from Section I5.2[ 
No functorial properties will be used in the present section. 



Lemma 7.9. For all Wq, Wi,W2 G such that wi W2 the maps hw-^^u>2;wo 
and hwQ.wi,w2 ^'^^ '"'^^^ defined. 

Proof: Note that 

[/g(s)Annc7^([g)(f^^.o ® ^-^0.0) = UgiQ)^'^'^u,{ts)iywi,w2 ® (f«,2.o ® ^-«)o.o)) 

because M{wi.O)^M{wo.Oy and Ug{ls)ywi,w2^{vw2.o^^~wo.o) C 1^(^2-0, Wq.O) 
are isomorphic as f/g( [5) -modules by Proposition ElU This proves that h^^^^^^.^^ 
is well defined. The second statement follows analogously. ■. 

For each W2 G one obtains a sequence 

^5 . _ _ _ - "+1-^ 2 -"■"'2 ^n-1^2 _ _ _ -l.™2 ^5 |'c-o\ 

— *,-u;2 ■ ^n,W2 ^n—l,W2 —0,W2 J 



where 



wi€W^ ,l(wi)=n wi,w[eW^ ,l{wi)=n 
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This sequence satisfies /;.„ n+i W2 ~ ^ n E N. Indeed, the exactness 

of the sequence fpUl) imphes that for any wi, w'{ G such that l{wi) = n + 1 
and l{wi) = n — 1 one has 

^ f^g(t^")Annj^_^((-)(w^/.o). 
Similarly, for each wi G IV"^ one has a complex 



where 



W2€:W^ ,l{'W2)=n W2,w'2£W^ ,l{w2)=n 

W2—fw'2 



To prove exactness of the sequences (1531) and (IMI) we extend the filtrations 
defined in Section [5^31 to the vector spaces C_nw2 n- Define 

l(wi)=n l(w2)=n 

Lemma 7.10. For any wi,W2 G the complexes C^^^ and C^yj^ are 
filtered by the filtrations T\ and T2, respectively. 

Proof: Consider wx^w'^^w'^ G such that w\ ^ w'^- We show that 

il«,i,K;»2(-^2W^K-0,w;2.0)) C TlW[w\.^,W2.^). 
Define T^M{w2.^r = eht(M+...o)<. ^(^2-0)* . Then 

J^^W{wi.O, W2.O) C V+Ug{n-) ® v^,,o ® J^''M{w2.0y 

ht{l3)<k 

Therefore 

—W2.0) 

ht(/3)<fc 

C V+U,{n') ® {v^>,o ® J^^M(m;2.0)*) 
c y+vi O MK.O) ® J^''M{w2.0y. 
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The statement about C_^^ ^ and J-'i is verified analogously. ■ 

Let grjF^Cf ,^^ grjp-j£if^^ * denote the graded complexes associated to 
the filtrations J-2 and J-'i, respectively. 



Lemma 7.11. One has isomorphisms of complexes 



(55) 
(56) 



for * > 0. 

Proof: For e G ^ ht(/3)<A ; ^qi^s)p ^ ^qio) obtains in analogy to 

the proof of Lemma 17.101 

e wy^iVi ® (^"-i-o ® e^-t«2.o) + J^2^"^Vr(w'i. 0,^2.0). 
This shows f l3^ and fl^Ujl is verified analogously. ■ 

Proposition 7.12. For any Wi,W2 G VT"^ and n G N ^/ie complexes C^^^ ^ 
andC_f^^ are exact inC^^^ o,f^dC^^,^, respectively. 

Proof: This follows immediately from Lemma [7. Ill and the exactness of the 
complexes q and C^^^- ■ 

The above proposition is one main step in order to prove that ^ defined 
in ( l52l) together with the maps 



•In,* ■ ^n,* 







W2&W^ ,1(W2) 



■m 







wiGW^ ,l{wi) 



■n 



is a double complex. 



Proposition 7.13. {C_^ *, Z^* *, Z^* *) is a double complex, i. e. for any n, m G N 

the relation 



h.n-l,m ° h.1 



'■n,m 



—n,m—l LLn,m 







(57) 



holds. 
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Proof: Note first that the claim of the proposition holds for n = m = 1. 
Indeed, recall that the simple reflection Sg corresponding to is the only 
element in of length one and that Ss-0 = —as- Thus 

Cl, = U,ig) ^u,(xs) (M(0) ® M(-a,)*) 
C:f,i = UM ^u,(is) (M(-a,) ® M(-a,)*) 



and up to a sign the maps ^ and ^ are determined by ys^,i = Fg and 
Xs,,i = Eg, respectively. Therefore 

(5o,i ° hi,i + h^o ° ki,i){u ® ® ^aj) = u{FsEg - EsFs) O {vq ® ^q) = 
for all u G Uq{g). 

Now the proof is performed by induction over n and m. Assume that 
(1571) holds for some n, m G N. We will show that this implies ( 157|) with n 
replaced by n + 1. The induction over m is performed analogously. 

Note that (!57j) is equivalent to 



for all Wi,w^,t(;2,W2 G Vr*^ such that /(wi) = n, l{w2) = m and Wi — > w^, 
W2 — > In particular one gets for any w'( G such that /(w'/) = n + 1 
the relation 

wieW^ ,l{wi)=n 
ui"— >UIl— >UIj 

and thus using /i^ ^ o * = one obtains 

b<,«;i,a;^2,s]l/«)i,K ® (M-o ® ^-^.o) = 0. 

wiGW^, l(wi)=n 

By the exactness stated in Proposition 17.121 for all w'(,wi,W2,W2 G , 
w'l —^Wi,W2^w'2, l{wi) = n, 1(102) = ^ there exist elements u^^" G Ug{g) 
such that the relation 

ui!"— >«;i 
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holds. By Corollary 15.61 the above relation implies 

This is relation (!37|) with n replaced by n + 1. ■ 

Using Proposition 17.131 one can now define a double complex of covariant 
i3-bimodules setting 

l{wi)=m, l{w2)=n 

where for wi,W2 G we define 

n{wi,W2) := {/ e W{w,.0,W2.0y I dim(/C/,(0)) < oo}. 

Note that by definition fi"^'" = {/ G C^,n I dim(/f/g(g)) < oo}. Thus the 
differentials „ and /i^^ on C^^^ induce differentials d*'* and d ' on Q*'*, re- 
spectively. Proposition 17.131 implies that (fi*'*, d*'*, 9 ' ) is a double complex. 
Let (f2*,d*) denote the corresponding total complex, i. e. fi" = 
and the differential d" : fi""^ —>■ is given by 



m=0 



We are now in a position to formulate the main result of this paper. 

Theorem 7.14. There exists an isomorphism l* : T^^ ^ Q* of complexes 
of covariant B-himodules. 

The proof is performed as in Section 17.21 up to slight modifications. The 
details are given for the convenience of the reader. 

Note first that (d^ : i3 ^ fi^) is a covariant FODC isomorphic to the 
FODC {d:B^ V"^]^) constructed in [HK06] . Indeed, fi^ = fi^'" © and 
T^]^ = F^i^ © Tf^ and the isomorphisms of calculi d^'^) = (F^^^, d) and 

= (T^^^,d) have been noted in subsections 17.21 and 17.31 respec- 
tively. 

Next note that the following analogue of Lemma 17.41 holds. 



Lemma 7.15. The map 



is surjective. 
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Proof: 

Note that for all k, I the covariant ^B-modules and have no 

irreducible component in common. Indeed, 

(S o = M(wi.O)* ® M{w2.0) 

uii ,W2€W'^ 
l(wi)=k,l(w2)=l+l 

lies in the eigenspace corresponding to the eigenvalue g'^^('+^) of the action 
of the element t{u!s) in the simply connected quantized universal enveloping 
algebra IJg{g) |Jos95[ 3.2.9]. Thus to prove surjectivity of 0„ it is sufficient 
to show that the maps 

are surjective. 

Let Wi,W2 G such that Q{wi,W2) C Choose w[ G such 

that wi — * w[. Let {.^j} be a basis of weight vectors of M{w2.0)*. By the 
categorical equivalence there exist elements fi G Q{w'i,W2) such that 

fi{l v,^'^,o IS) ^j) = 5ij. 

Using the fact that B separates U = Uq{g)/Uq{g)Uq{ls)~^ |HK041 Proposi- 
tion 7] and Corollary 12.31 one sees that there exists an element b^i G B such 
that 

bwr{yw,w[{i))yw,w{i2) = Snj,w^ for all w G , w w[. 

One obtains 

Let {vi} denote a weight basis of M{wi.O). Acting with elements of Ug{ls) 
on d^'\hyj^fi) one obtains elements Qij-w^ such that gi,j,wA^®Vk®ii) = ^i,k^j,i 
and 

9i,j,wi\w{w,w2) = for all w G W'^ , w Wi. 
Thus for the covariant i3-bimodule A = lio^{(pk,i\Bi»n{w{,w2)) the pairing 

A/i5+A X ^M{wi,W2) C 
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is nondegenerate. By the categorical equivalence one obtains 

A = 0fi(w;i,W2) 

which proves the surjectivity of ipk^i- The surjectivity of is proved analo- 
gously. ■ 

The remaining steps to identify (fi*,d*) with (r^^,d) are now straight- 
forward analogues of the Lemmata 17.51 17.61 17.71 and of Proposition 17.81 The 
proofs are omitted. Define a map 

A : fii ®B ^ (59) 
{ad%) (g) iu ad%Auj := ad"(6u;) - a6d"u;. 

Lemma 7.16. The map A is well defined. 

Lemma 7.17. The map A : ®g Q""^^ is surjective. 

Define a map 

,n . -pAn r)n 
^ • d,u ~* " 

aodai A da2 A ■ ■ ■ A da„ ^— > aod°ai A (d°a2 A (• ■ ■ A d°a„)) 
by repeated use of the map A. 
Lemma 7.18. The map l'^ is well defined. 

Proposition 7.19. The map l* : F^^ — * Q* is an isomorphism of complexes 
of covariant B-himodules. 

Proof of Theorem I7.14t This proof is now performed in complete analogy 
to the proof of Proposition [7S1 First note that by construction l* : F^ ^ Q* 
is a morphism of complexes. Moreover, by Theorem 17. l( iii). the definition of 
O", and Proposition 12.21 the dimensions of the covariant i3-modules F^" and 
coincide. As is a surjection of covariant ;B-modules by Lemma 17. 171 the 
categorical equivalence implies that is an isomorphism. ■ 

8 Appendix: Commonly used notation 

Symbols defined in Section 12.11 in order of appearance: 

Q, r, i), R, TT, ai, R', n+, n", (-, ■), Q, P, , ht, Ui, [aij), P+, Q+, 
n(F(//)), G, S, Qs, Qt, Rh Ps, Ps", Ps, P7, Ls, M(A), W, 

^a, Ws, , I, W.fl, p, W ^ w' , W < w' . 
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Section 13.11 

q element of C, not a root of unity 

Uqi^Q) quantized enveloping algebra of q 

Ki, K~^, Ei, Fi generators of Uq{g) 

A, K, e coproduct, antipode, and counit of Uq{g) 

ad left adjoint action 

rj algebra isomorphism coalgebra antiautomorpliism of t/g(g) 

Uq{n^) subalgebra of Uq^Q) generated by {Ei \ l < i < r} 

Uq{n^) subalgebra of Uq{Q) generated by {Fi \ l < i < r} 

subalgebra of Uq{Q) generated by {Ki^ K^^ | 1 < « < ?"} 

G+ subalgebra of Uq{Q) generated by {EiK~^ 1 1 < « < 

V{ii) irreducible left f/g(g)-module of highest weight G 

Vr] C/q(0)-module with action twisted by r] 

V{^)* right or left Uq{g)-modu\e dual to V{^) 

matrix coefficient of V{fi) 

C'^^^^'| space of matrix coefficients of V^(yu) 

Cq[G] g-deformed coordinate ring of G 



Section 13.21 

Uq{ls) subalgebra of Uq{g) generated by {Ei, Fi, Kf^ | G 5} 

V_ subalgebra of Uq{Q) generated by {(ad/c)Fj | k G Uq{{s)cti ^ S} 

subalgebra of Uq{g) generated by {{adk){EiK^^) \ k G Uq{ls) , ca 

U.iis) Uqin-)nUqils) 

mt) G^nUqUs) 

Uq{ps) subalgebra of Uq{Q) generated by {Ei, Kf^, Fj | G tt, aj G S} 
Section SD 

M(A) irreducible left f/q( [5) -module of highest weight A G 

UqiQ) ^u.ips) M{X) for A G P+ 
y^(^) for S = 

PS J2aeB+ "/2 

Section S^l 

C/ e^ews,iin.)=, V''^""-'^ for a fi^ed /i G P+ 

iPj boundary operator of BGG-resolution 

fuj^w' fixed embedding of Verma modules V'^''^ ii w < w' 

s{wi,W2) ±1 

huj^w' standard map induced by s{w,w')fw,w' 

y^.^, element of Uq{n~) such that f^^y,>{u O Vy,>,^) = uy'^^^> v^>,f, 

yu,,w' s{w,w')yl^^, 
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Section 15.11 

U,{q) 0u,(is) for AGP, 

for 5 = 



Section 15.21 

$A canonical surjection W^'^^^ V"*^^^) 

V category of finite direct sums of V^^^^\ A G Pg 

W category of finite direct sums of W^'^^^\ A G Pg 

_ : V — * W functor defined above Proposition 15.31 

Uq{p°g) subalgebra of Uq{Q) generated by {Ej, Kf^, Fj | G tt, aj G 5} 



Section 15.31 

9i, 9i, 02, O2 [5) -module homomorphisms defined in and before Proposition 15.41 

Tl, Tl Filtrations of W{n, v) defined by d^B and ^ 



Section 16.11 

A C,[G] 

B {h^A\ &(i)6(2)(A;) = e{k)h for all k e Ug{ls)} 

B+ {6 G i3 I = 0} 

!4 A/B+A 

(■, ■) canonical pairing Ug{ls) x A ^ C 

■^Ai category of finite dimensional left ^-comodules 

MuqUs) category of finite direct sums of modules of the form M(A)*, A G P. 

S functor -^M ^ Muq{is) defined by (!36|) 

PDcQ cotensor product of P and Q over coalgebra C 

qM category of left >l-covariant left S-modules 

$ functor ^^^M defined by (ET]) 

* functor ^M^iM defined by ^ 

Section 16.21 

fi(A) {/ G (W^^^W)* I dim(/[/,(g)) < 00} 

c canonical inclusion ^(A) f^glfl)* 

Section 17.11 

(Fa, 9), (Fg, 5) the two irreducible covariant FODC over B 

Tg, Tq quantum tangent space of F^ and F^, respectively 
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(9,u' g u' d,u 



, y universal differential calculus of Tq, Tq, and T^, respectively 
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